Granular flow rheology can be divided into two global regimes: the elastic, which is dominated by force chains, and the inertial, which is nearly free of force chains. As the propensity of a material to form force chains should be strongly influenced by particle shape, this paper is an attempt to assess the effects of shape on flow regime transitions through computer simulations of shear flow of ellipsoidal particles. On one hand, the results show that at a given concentration, ellipsoidal particles generate smaller quasistatic stress than spheres, likely a result of their ability to form denser packings. But at the same time, large aspect ratio ellipsoids more readily form force chains and demonstrate elastic behavior at smaller concentrations than spheres. This is shown to be due to a tradeoff between a shear-induced particle alignment that tends to minimize the interference of the particles and the shear flow, and the particle surface friction, which works to rotate the particles into the flow.
I. INTRODUCTION
Recently, 1-4 it has been possible to divide up all of granular flows into two global flow regimes-the elastic and the inertial. The "elastic" flow regime is dominated by force chains, space spanning networks of particles in long duration contact ͑longer than collision times͒ with their neighbors. Such flows are dominated by the elastic properties of the bulk material, which are in turn controlled by the interparticle stiffness k ͑which governs how the particles see one another mechanically͒ and obey the elastic stress scaling, d / k. ͑This can be interpreted as the ratio of the induced elastic deformation of the particle to the particle diameter.͒ The elastic regime is further subdivided into two subregimes. In the elastic-quasistatic regime, the stresses are independent of the shear rate. Force chains form as particles are pushed together at a rate proportional to the shear rate ␥, and then are rotated and collapsed by the shear flow, so that their lifetime is inversely proportional to the shear rate, collectively producing no net shear rate dependence. In between the forces generated are proportional to the compression of the force chains which, at small shear rates, are largely determined by geometrical constraints, and are thus also shear rate independent. All this leads to a flow in which the stresses are independent of the shear rate. However, at larger shear rates, the forces in the chain will reflect the inertia of the particles, as they are gathered into and accelerated/ decelerated by the force chain. This produces the elasticinertial regime, in which the stresses increase over the quasistatic stresses at a rate proportional to the inertia in the flow, that is, linearly proportional to the shear rate. 4 Thus, one sees a linear increase in stress with shear rate over a baseline quasistatic stress. Note that there is no physical change going from the elastic-quasistatic to the elasticinertial regimes; it is simply that in the latter, inertial effects become noticeable, while in the former, they are negligible. Relating the relative importance of elastic and inertial effects is a new parameter, k / d 3 ␥ 2 , which can be interpreted as the inverse of the ratio of the inertially induced particle deformation to the particle diameter.
1,2 Note that increasing k / d 3 ␥ 2 implies a larger stiffness k or a smaller shear rate ␥.
3 ␥ 2 implies either small k or large ␥. In the inertial regime, there are no force chains and as a result, the importance of k is greatly diminished. Removing k from the parameter list leaves the shear rate ␥ as the only time scale, so that stresses in the inertial regime must follow the Bagnold 5 scaling / ͑d 2 ␥ 2 ͒ ͑where is the solid density and d is the particle diameter͒. This is likewise divided into two subregimes. In the inertial-collisional regime ͑the old Rapid-flow regime 6,7 ͒, particle interactions are dominated by binary collisions. The other inertial subregime, the inertialnoncollisional regime, is perhaps the least understood. It is clear that, in that regime, the particles interact not as individuals but in clusters where the particles are in long duration contact with their neighbors. These do not form into force chains, but at the same time, within the cluster, forces can be transmitted elastically. And while k has a negligible effect on the stresses in these regimes, it does, through the parameter k / d 3 ␥ 2 , govern the separation of these two inertial subregimes. In effect clusters form when the shear rate ␥ pushes particles faster than the elastic forces can break them apart; hence, one expects cluster formation at small k / d 3 ␥ 2 , where ␥ dominates and collisional behavior at large k / d 3 ␥ 2 , where k is dominant. ͑This type of clustering is fundamentally different from inelastic clusters, first reported in Ref. 8 . Inelastic clusters are density instabilities and are important at small concentrations and within which the particles are seldom in direct contact. Inertial-noncollisional behavior appears at high concentrations where there is little free space for such a density instability to grow. Furthermore, the inertial-noncollisional clusters disappear at large k / d 3 ␥ 2 and are thus at least not solely a result of particle inelasticity.͒
The flowmaps in Ref. 1 show that at large concentrations dominated by force chains, increasing the shear rate will only move the system from elastic-quasistatic to elasticinertial behavior and, against common wisdom, will never enter the inertial regime, no matter how high the shear rate. At such high concentrations, changing only the shear rate will not make force chains disappear, so that the material must remain in the elastic regime. The only path from quasistatic to inertial behavior is by reducing the solid concentration. However, the converse is not true. When the flow is behaving inertially, it is possible to enter the elastic-inertial regime by increasing the shear rate. In effect, a large shear rate pushes particles together faster than the elastic forces can break them apart, forcing the formation of force chains even at relatively small concentrations. The same flowmaps 1 show that there is a strong effect of particle surface friction on the various regime transitions. This is not surprising because the larger the surface friction, the stronger the mechanical connection between particles and the stronger the subsequent force chains. However, one expects that particle shape would also be critically important in determining force chain strength as nonround particles would be more likely to lock together. It was thus speculated 1 that there should be a weaker dependence on the surface friction coefficient in systems of nonround particles. This paper describes the first attempts to test this hypothesis by studying ellipsoidal particles but, as shall be seen, ellipsoidal particles have properties that actually enhance the effect of surface friction.
One difficulty in studying nonround particles is a lack of any method of characterizing the particle shape. If the volume of the particle is held constant, the shape of an ellipsoidal particle, however, is uniquely described by its aspect ratio ␣ = R max / R min , the ratio of the maximum to minimum radii of the particle. ͑Technically, the ellipsoids studied here are prolate spheroids as two of the three radii are equal to the minimum radius, R min .͒ An example of an ␣ = 2 ellipsoid is shown in Fig. 1 . Thus, in these studies the particle shape is 
II. COMPUTER SIMULATION
This work was performed in a standard soft-particle computer simulation. The simulation uses the linear-spring and dashpot contact model of the type that dates back to the earliest DEM simulations of Cundall and Strack. 11 This particular simulation is based on a code developed by Hopkins of ERDC-CCREL, 12 modified for shear flows with LeesEdwards boundaries. As in Refs. 1 and 2, the simulations all used 1000 particle simulations in a cubic control volume and the same techniques were used for backing the stresses and other information out of the simulation. As in the previous work, the simulation was found to be insensitive to control the volume size for simulations larger than 1000 particles at least for ellipsoidal particles with the aspect ratios studied in this paper.
A. The determination of collisional flow
Previously, 1,2 collisional flows were determined by comparing the average collision time to the binary collision time. For spheres, the linear-spring/dashpot model produces a constant binary collision time. However, this is not the case for nonround particles where the equivalent collision time depends on the geometry of the impact. For example, the collision between two particle tips will largely induce spin and the contact time will be determined by the moment of inertia, while a contact nearer the particle center induces little spin and the contact time will largely be affected by the particle mass. So these studies used a more direct method of determining when a flow's rheology is dominated by binary impacts. Here, for each contact between two particles, the number of simultaneous contacts Nc, on both of the two particles involved, is assessed along with the total contribution to the stress generated by the primary contact. A few examples are shown in Fig. 2 . Then a probability distribution is generated of the fraction of stress generated along the contact as a function of the total number of simultaneous contacts. Examples of these distributions are shown in Fig. 3 included here because they are interesting in themselves. If the flow is collisional, then most of the stress will be carried by a single contact and the peak will occur at Nc = 1. Comparison with previous results for spheres in Ref. 1 shows that this technique produces the same regime boundary as the contact time method. The top plot in Fig. 3 is for a very small solid fraction v = 0.35, and represents the only case shown that can be considered dominated by binary collisions. But note that while the peak indeed occurs at Nc = 1, more that 20% of the stress is dominated by Nc = 2 contacts, and roughly 5% by Nc =3 contacts, even at such a small concentration. By a solid fraction of v = 0.5, which falls into the inertial-noncollisional regime, the largest stress fraction, about 25%, is supported by Nc = 4 contacts, and even though the flow is inertial, binary collisions only account for roughly 5% of the stress. The last two plots correspond to elastic flows with dominate contacts structures corresponding to Nc = 14 and Nc = 16 for v = 0.58 and v = 0.60, respectively. The large values of Nc reflect the fact that the particles are trapped in force chains. Note, furthermore, that binary contacts make a negligible contribution to the stress. The quantity Nc is related to the coordination number although it reflects only the contacts that are doing the bulk of the work. ͓Note that as Nc represent the sum of the contacts on both particles in the contacting pair, minus 1, so that the primary contact is only counted once. Thus, the equivalent active coordination number would be ͑Nc +1͒ / 2.͔ From that point of view these numbers are fairly large, corresponding to coordination numbers of 7.5 and 8.5 for the v = 0.58 and v = 0.60 cases. This reflects the fact that the majority of the stress will be supported by the heavily loaded particles in force chains where the loading brings them into contact with many of their neighbors. Figure 4 shows the effect of aspect ratio on the normal stress generated in a shear flow. All cases are taken at a solid fraction v = 0.6. The figure clearly shows the transition from elastic-quasistatic behavior at large k / d 3 ␥ 2 , where the line is horizontal, to elastic-inertial behavior where the stresses increase as k / d 3 ␥ 2 is reduced. There are two unexpected observations. Perhaps the most striking is that the largest quasistatic stresses are observed for spheres ͑␣ =1͒ while the smallest quasistatic normal stresses are observed for ␣ = 1.5, and not for the largest aspect ratio, ␣ = 2. This is consistent with the observations of Man et al. 13 who observed that one could create denser random packings of ellipsoids than with spheres, and that the maximum possible packings occurred at about ␣ = 1.5 and decreased for both larger and smaller ␣. In that sense the v = 0.6 packing shown in Fig. 4 , relative to the maximum possible random packing, is smallest for ␣ = 1.5. In fact, the stresses follow the trend of Man et al. 13 as over the range of aspect ratios studied, the smallest maximum random packings and thus the largest quasistatic stresses occur for spheres and the smallest for ␣ = 1.5 ellipsoids which exhibit the densest random packings. As can be seen in the auxiliary figure, in between they follow the trend ␣ = 1 , 1.25, 2 , 1.5, exactly opposite of the order for maximum random packings predicted by Man et al. 13 ͑Man et al. 13 showed that the random close pack concentration changes from v = 0.64 for spheres to about v = 0.70 for ␣ = 1.25, to nearly v = 0.72 for ␣ = 1.5, and then falling slightly to about v = 0.71 for ␣ =2.͒ But notice that the trend is different in the elastic-inertial regime, where at the smallest k / d 3 ␥ 2 , the largest stresses are observed for spheres and the smallest for ␣ = 2 and, in between decrease monotonically with ␣. Also, for reasons that are not clear, the larger the aspect ratio, the smaller the inertial augmentation of the stress. Figure 5 shows the plots of the elastically scaled normal stress yy d / k as a function of k / d 3 ␥ 2 for ␣ =1 ͑spheres͒, 1.25, 1.5, and 2 and a wide variety of solid fractions. Here it is possible to distinguish the elastic-quasistatic regime ͑ yy d / k = const͒, the elastic-inertial regime ͑slope Ϫ1/2͒, and the inertial regimes ͑slope Ϫ1͒. Notice that the solid fraction division is very fine with most data sets differing by only 1% in concentration. This is because the transition from elastic to inertial behavior occurs quite rapidly. For example, in Fig.  5͑a͒ , note that at k / d 3 ␥ 2 =10 7 the stress drops by more than two orders of magnitude between v = 0.59 and v = 0.58, showing the rapid disappearance of force chains as the solid fraction is reduced. This rapid change allows one to easily see the transition from elastic-quasistatic to inertial behavior at the larger k / d 3 ␥ 2 . ͑Note that Ref. 2 shows that this transition is the same as the low stress critical state concentration.͒ This gives something of the opposite conclusion as one might expect from the last paragraph. If one were to suppose that the disappearance of force chains ͑that leads to the transition from elastic to inertial behavior͒ occurred at some fraction of the random close pack, then one would expect the transition at the highest solid fraction for ␣ = 1.5, as that has the largest random close pack concentration. But that is not the case. The transition occurs between v = 0.59 and 0.58 for spheres, as well as ␣ = 1.5. There is only a slightly different behavior in the ␣ = 1.25 plot which shows just the start of the inertial transition at v = 0.59, beginning at k / d 3 ␥ 2 =10 6 . But this is a much weaker effect than one would expect from Man et al. 13 where the random close pack concentration rises dramatically from v = 0.64 for spheres to about v = 0.72 for ␣ = 1.5; thus, if the packing were the dominant concern, one would expect a much larger change in the transition solid fraction than is apparent in Fig. 4 . Furthermore, the transition point drops to v = 0.55 at ␣ = 2 despite the fact that ␣ = 2 has a higher random close pack concentration than spheres. All of this indicates that other processes are at work other than simple packing concerns. But again this is not surprising as a simple rotation of the particle can point R max toward nearby particles, thus extending a particle's reach in a manner not directly reflected in the solid fraction. Thus, while ellipsoidal particles can pack tighter, thus reducing the generated stresses at a given solid fraction, large aspect ratio particles also promote the generation of force by rotating so as to interfere with oncoming particles. Figure 6 shows the corresponding flowmaps, indicating the various regime transitions. These were found using the techniques described in Ref. where it was speculated that surface friction would be less important for large aspect ratio particles. But Figs. 7 and 8 show that this should not be the case. At small = 0.1, Fig. 7͑a͒ , the quasistatic/inertial transition occurs at v = 0.62, roughly the same value as for spheres, while at a more realistic = 0.5 plot in Fig. 5͑d͒ , the transition occurs at v = 0.55, which is eventually reduced to v = 0.54 for = 1.0. Thus, counter to the initial hypothesis, the effect of surface friction is even stronger for ellipsoids than for spheres ͑the sphere results 1 showed a reduction from v = 0.61 for = 0.1, to v = 0.59 for = 0.5, to v = 0.58 for = 1.0͒. At the same time, friction affects the other regime transitions. For a given v, both the elastic-inertial/inertial and inertial-noncollisional/ inertial-collisional transitions occur at progressively larger values of k / d 3 ␥ 2 as the surface friction is increased. However, something much more interesting happens when the surface friction is reduced to = 0.1. Figure 9 shows the plots of yy d / k versus k / d 3 ␥ 2 again for a wide variety of solid concentrations. Note that elastic behavior is only realized for spheres, and for ␣ = 2 ellipsoids within the range of solid concentrations shown ͑v Ͻ 0.62͒. ͑The quasistatic transition is delayed to v = 0.64 for ␣ = 1.25 and to v = 0.65 for ␣ = 1.5.͒ In the light of the discussion above, this indicates that the particles are being prevented from rotating their major axis so as to interfere with the flow. This means that there should be preferred orientations of the particles relative to the shear directions. To test this hypothesis, the probability of the orientation of the major axis of the particle is assessed within a slightly nonstandard spherical coordinate system shown in Fig. 10 . In this system, x is the direction of the mean flow, y is the shear direction ͑so that the mean velocity is u = ␥y͒, and z is the out-of-the-shear plane or vorticity direction. In such a scheme the orientation of the major 
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Elastic granular flows of ellipsoidal particles Phys. Fluids 23, 013306 ͑2011͒ axis can be described by two angles, 0 Ͻ Ͻ 180°and −90°Ͻ Ͻ 90°. ͑Note that to cover the entire space, should run between Ϯ180°, but here the symmetry of the particle is exploited to limit the range of . The symmetry arises because one cannot tell one end of the particle from the other so that a particle at is indistinguishable from one at −͑-͒, limiting the system to only positive values of .͒ Figure 11 shows the angular probability distributions for a variety of ␣ and v, all for surface friction, = 0.1. As can be clearly seen, the distributions are highly peaked. Furthermore, the peak does not disappear as the solid fraction is reduced even at small solid fractions such as v = 0.35, although the peak is much less distinct there. As might be expected, the peak becomes sharper for larger ␣, indicating that the particle shape is indeed the source of the preferred orientation. Notice that all the peaks occur near = 0, and at small values of . Notice further that the location of the peak changes slightly with ␣, but for any given ␣ is the same regardless of the solid fraction v. Even stranger, the peak appears to be located at, or very near, tan −1 ͑1 / ␣͒. This corresponds to 39°, 34°, and 27°for ␣ = 1.25, 1.5, and 2.0, respectively. This implies that the preferred orientation of the ellipsoid is as shown in Fig. 12 . The vertical reach of the particle at that orientation is, somewhat surprisingly, such that the particle fits almost exactly into its equivalent spherical diameter d, for the three aspect ratios shown. ͑The vertical extent for a particle inclined at tan −1 ͑1 / ␣͒ is actually 1.045d, 1.058d, and 1.030d for ␣ = 1.25, 1.5, and 2.0, respectively.͒ Note that this orientation preference continues all the way down to the smallest concentrations, v = 0.35, where the flow is collisional in nature; but due to the preferred particle orientation the flow does not possess the "molecular" chaos ͑Stosszahlansatz͒ required for the application of kinetic theories.
It is far from clear why the particles have this preferred orientation. It is a bit more complicated than saying that the particle wants to present as small an area as possible to the shear flow so as to minimize collisions. If that were the case, the preferred orientation would have a horizontal major axis-or at least would have no preference for a forward versus a backward angled particle ͓i.e., the strong preference for a particle inclined at tan −1 ͑1 / ␣͒ as opposed to the one inclined at -tan −1 ͑1 / ␣͔͒. One possibility is that the particle chooses this orientation to minimize rotation-rotation that would throw it lengthwise in the way of the shear flow. The orientational anisotropy may be partially due to the shearinduced collision isotropy. As predicted by Savage and Jeffrey 14 and confirmed for disks by Campbell and Brennen, 15 particles in shear flow show a preference for collisions in their second and fourth quadrants, as shown in Fig. 13͑a͒ . Now suppose the same happens for ellipsoids at the most probable inclination angle, as shown in Fig. 13͑b͒ . As shown, they would collide along their long sides activating the smallest moment arm for the particle and thus inducing the minimum particle rotation-so that once in that orientation, it is hard for the particle rotate away. In that way the particle minimally interferes with the flow and resists force chain formation and inhibits the transition to elastic flows. The above is pure speculation but is consistent with the observations. Particle angular probability distributions for more reasonable surface friction coefficient, = 0.5, are shown in Fig. 14. With stronger frictional forces, one expects more particle rotation as a glancing contact between particles can transmit a torque. ͑With little or no friction, only normal forces can be exerted by a contact and rotation would be induced only because the particles are not round-e.g., from a contact with the elongated end of a particle.͒ However, as can be clearly seen, the same angular preferences exist. But at the same time, the distributions are flatter and the peaks are generally broader, particularly in the direction showing the effect of frictionally induced rotation. Notice also that the major peak often extends across the =0°/ 180°boundary, indicating a large probability of finding the particle with a major axis that is flat or even with a slight backward inclination.
IV. CONCLUSIONS
This paper has presented a computer simulation study of the effect of ellipsoidal particles ͑prolate spheroids͒, of aspect ratio 1 Ͻ ␣ Ͻ 2, on flow regime transitions in granular shear flows. The effect of shape is shown to be quite complicated. In particular, a larger baseline quasistatic stress is observed for spheres than for any of the ellipsoids studied here. This is in concert with the observations of Man et al. 13 who found that all of the nonround shapes studied here pack to denser random packings than do spheres, and thus any packing of ellipsoids is a smaller fraction of its random dense-packing and the same packing of spheres. This effect can be seen in the elastic-quasistatic regime where the largest stresses are observed at ␣ = 1, and the smallest at ␣ = 1.5, and follow the pattern, high to low, ␣ = 1 , 1.25, 2 , 1.5, in exactly the inverse order of their maximum random close packings. But at the same time, the quasistatic/inertial transition was observed at a much smaller solid fraction for large aspect ratio ellipsoids than for spheres, indicating that it is much easier to form force chains with ellipsoids. This may not be surprising as the particle can rotate with its long axis perpendicular to the flow direction and thus extend its ability to contact other particles.
It had originally been speculated 1 that the strong effect of surface friction on the flow regime transitions for spheres would become less significant for nonround particles. That argument assumed that, for spheres, friction essentially con-FIG. 14. Particle orientation probability distributions for particles with surface friction, = 0.5.
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Elastic granular flows of ellipsoidal particles Phys. Fluids 23, 013306 ͑2011͒ trolled particle interlocking, but for nonround particles, the particle shape would become the dominate interlocking mechanism. However, these results show that for ellipsoids, that is not the case. In fact, friction has an even stronger effect here. The key factor is that ellipsoidal particles have a preferred alignment in a shear flow such that the major axis is inclined at an angle near tan −1 ͑1 / ␣͒ with respect to the main flow direction. Perhaps coincidentally, it is the angle at which the vertical extent of the particle is almost exactly the equivalent spherical diameter ͑the diameter of a sphere with the same volume as the ellipsoid͒. The physical reason for this particular inclination is not entirely clear. But it does explain the strong effect of friction, for the preferred orientation can be disrupted by frictionally induced rotation. The orientational preference is particularly strong for small surface friction, = 0.1, and while it is still apparent at larger surface friction, = 0.5, it is noticeably weaker. Thus, for small surface friction, it is difficult to get the particles to rotate and they are able to "stay out of the way" by adopting their preferred orientation. But larger surface friction forces them to rotate and block the flow, forming force chains and permitting elastic flows at smaller concentrations than possible with spherical particles.
In this sense, ellipsoids may not have been the best choice to demonstrate cases where particle shape dominates surface friction in force chain formation. Perhaps, one needs concave particle shapes where pointed areas can lock into crevices to lock particles together-but even so it is likely that the similar preferred orientation effects will appear. It may be necessary to use polydisperse particle sizes or nonuniform shapes to disrupt the preferred orientation before a strong effect of shape may be felt.
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